ges
IMA

N Z I M A

•

I M A G E S

•

∑
INSIDE

3

Building
evolutionary
trees

4

Nanomaths

5

Secret
keys and
colluders

8

Learning
by folding
origami

i
g
n
a
r
tau
New Zealand Institute of
Mathematics & its Applications

2 0 0 8

and

heart

patients

∞
√
ISSUE FIVE

•

Modelling

%
NZ

N O V E M B E R

Staff at the Cardio-thoracic and Vascular
Intensive Care Unit (ICU) of Auckland City
Hospital have found a mathematical model of
the unit’s operation valuable in improving its
efficiency. Jenny Rankine reports.

U

nit clinical director Dr Andrew McKee says
juggling staffing, theatre availability and beds is
complex; “it’s hard to match the resources to the
demand”.
A chance conference meeting in 2006 started a collaboration between
statistician Ilze Ziedins, pictured, BSc (Hons) and Masters student William
Chen, and unit staff on a queuing model that could simulate the effects of
operational changes on patient numbers. Associate Professor Ross Ihaka
co-supervised Chen’s Master’s thesis, and advised on constructing the
simulation and other aspects of the project.

At the time, the unit admitted around 22 patients a week, some for elective
surgery and others with acute problems needing intensive care. “The
bottleneck was the intensive care unit,” says Ziedins. “Around half the patients stay for a day or less, some stay
for much longer. We modelled the flow of scheduled elective and other patients into the unit, with random
acute arrivals and lengths of stay, simulating 24 hours and seven days a week.”
The model gradually became more complicated, taking into account the cluster of arrivals around midday and
after 4pm after surgery, variations by day of the week and different kinds of patients. “Since arrival rates change
over the duration of a patient’s stay, traditional queueing models are not helpful, and new analytical models will
need to be developed,” says Ziedins.
Chen wrote the simulation programme from scratch using the statistical software R (see IMAges 3). Each
simulation run was for a year of the model’s operation, and this was repeated several times to obtain confidence
intervals for measures such as the average number of cancellations. The initial aims were to reduce waiting
times, and cancellations of elective surgery due to the arrival of people with acute problems. “The model
demonstrated that we needed more staffed ICU beds to match operating theatre capacity,” says McKee. “We
had an average of nine and needed 12 to manage our expected number of patients.”
Having an external analysis independent of clinical pressures was a powerful argument for more staff, he says.
The unit now has a higher allocated staffing level,
although the international shortage of clinical staff has
meant not all the positions have been filled.

Welcome

The aim then shifted to matching the nursing roster
with the patient load. “We’re working on that now
using a stochastic optimisation model,” says Ziedins.
As rosters are done three months in advance, the
evaluation cannot start until the current roster
ends in mid-November. “We think improvements can
be made; they may be able to treat one or two more
patients a week, which is substantial over a year.”
“The whole unit has been very interested,” says
Ziedins. “Up to 20 people have turned up for

2

We hope you enjoy this, our fifth issue of IMAges,
which contains a range of items about the work and
interests of the New Zealand mathematical community, plus an item on the mathematics of origami as
well as photos of a recent event where schoolchildren
were invited to participate in the creation of a large
Penrose Tiling. Read about this and more inside.
Marston Conder and Vaughan Jones		
Co-Directors
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1 presentations; the input from them is wonderful.”

Queuing theory is often used to analyse phone, internet and road networks, as well as
customer services such as banking. “Once you think about life, almost everything starts
to look like a queue,” says Ziedins. It’s the randomness that’s important. Reducing
variability can have a marked effect on how systems perform. For example, lights on
Auckland motorway on ramps reduce clumping and make traffic flow less congested.”
“I find this project so rewarding because it has been an opportunity to make a
difference - some people might receive treatment earlier as a result,” she says.
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“We can use the model to analyse our patterns of work,” says McKee. “For example,
we can see if it would make any difference to patient throughput if we could discharge
all the patients back to the ward an hour earlier after surgery.”
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Above: The average number of ICU
cancellations per day, with different
numbers of staffed beds. This plot was
produced in the project’s first year, when
the model assumed a constant number of
staffed beds during the week and not all
patients were included. Only one operation
session is scheduled on Wednesday, leaving
time for meetings and training.
Far left: William Chen. Left: The number
out of 15 beds occupied overnight for a
single simulation run over a year.

In how many other disciplines is there anything that parallels the statement that Gauss’s formula for
triangular numbers will never fail to give the right answer?
Marcus de Sautoy, Music of the Primes.
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COLLATZ CONJECTURE
Take any positive integer; if even, divide by two; if odd, triple it and add one. Using each result as the
input for the next step, no matter what number starts the sequence, the end result is 1.
Simply: That all paths in a certain kind of number sequence eventually lead to 1.
Also known as: The 3n + 1 conjecture, the Ulam conjecture (after Polish mathematician Stanislaw Ulam), the
Syracuse problem or HOTPO (Half Or Triple Plus One) in computer programming.
Discipline: Number theory.
Originator: German mathematician Lothar Collatz, 1937; he made very little progress and published a history
of its origin much later.
Incentive: $US50 by H Coxeter, 1970; then $US500 by Hungarian mathematician Paul Erdős; £1,000 by B
Thwaites, 1996; solving a problem with a tantalizingly elementary form that has eluded top mathematicians.
Examples: If n = 6, the number sequence is 6, 3, 10, 5, 16, 8, 4, 2, 1. If n = 27, the sequence takes 111 steps,
climbing to over 9,000 before descending to 1.
Explorations: Many attempts have been made to settle the conjecture using technologies from number theory,
dynamical systems and Markov chains. USA mathematician Jeffrey Lagarias proved in 1985 that the problem
has no nontrivial cycles of length <275,000. Another approach took the opposite direction; instead of proving
that all natural numbers eventually lead to 1, it proved that 1 leads to all natural numbers. USA mathematician
John Conway proved in 1972 that Collatz-type problems can be formally undecidable.
State of play: Although the conjecture has not been proved, most mathematicians who have worked on the
problem believe it is true. The conjecture has been checked by computer for all starting values up to 10 × 258.
However, some important conjectures have been found to be false only with very large counterexamples.
Each odd number in Collatz sequences is on average ¾ of the previous one, leading to an argument that
every Collatz sequence should decrease in the long run. This is also not a proof because it pretends that the
sequences are assembled from uncorrelated probabilistic events.

• I M A G E S • N O V E M B E R • 2 0 0 8

03

Recipes for

supertrees

New Zealand is at the international forefront of phylogenetic
reconstruction algorithms, which attempt to build a genetic data set from
overlapping species into a single evolutionary tree. Charles Semple spoke
with Jenny Rankine.

C

reating a best-fit evolutionary tree for 20 species
is extremely difficult, yet biologists now regularly
try to build supertrees of hundreds or thousands of
species. There are often conflicts in the genetic data.
Sometimes these are errors, but they may represent
the combination of different species into a new
hybrid, lateral gene transfers or recombinations of
DNA strands.
“These events are more common than people first
thought,” says Associate Professor Charles Semple,
who is based at the University of Canterbury.
“Sometimes two genes simply evolve in different
ways.” In these cases, instead of seeking a single tree,
mathematicians can create a network that highlights
the conflicting genetic signals.
Semple is a co-director of the NZIMA programme
in algorithmics with Professor Mike Atkinson at the
University of Otago and associate director Dr Mark
Wilson at the University of Auckland. The programme
aims to link local and overseas algorithmic
researchers, and raise awareness of the field with high
school, undergraduate and postgraduate students.
An algorithm is a list of well-defined instructions for
completing a task from an initial state through welldefined successive states to an end-state. “A cake
recipe is an algorithm,” says Semple. “You have to do
things in a certain order otherwise the cake may sink
in the middle or fail to rise.”
Computer games are a more common example.
Algorithms are also behind packet routing on

the Internet. Another application is the use of
phylogenetic algorithms by Russell Gray’s group at the
University of Auckland to analyse the development of
Pacific languages. This has challenged existing theories
about Pacific settlement patterns.
Many problems are so intractable that even the best
algorithms may be unsolvable with a supercomputer,
or take days to run. Semple gives the example of
timetabling problems. “Universities need to schedule
a lot of exams in a very short time, but want to avoid
students having to attend two exams at the same
time. The best solution is trial and error, but there are
so many possibilities it can take a computer a long
time to run through them.” Semple will use examples
like these as part of the programme’s outreach to
high school students in term four.

Above: A phylogenetic tree of
42 representative
mammals
reconstructed by
Frédéric Delsuc and
Nicolas Lartillot using
a Bayesian approach,
concatenating 12
protein coding
mitochondrial genes.
Below: Participants
in the Workshop
on Algorithmics in
Napier, February
2008.

The programme’s first event, a Workshop on
Algorithms in Napier in February, enabled programme
Masters student Josh Collins to reduce computer
time on a problem from two days to two hours.
Algorithms are playing the role for many sciences
that formulae play for physics, says Semple. “While
faster computers enable far more extensive use of
algorithms than we imagined a decade ago, the great
leaps forward come from better algorithms, not
better hardware.”
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